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Related Work
• Known theoretical insight: Any digraph can be realized as the 

majority relation of a preference profile with

- O(n2) voters (McGarvey, 1953)

- O(n/log n) voters (Erdős and Moser, 1964) (non-constructive)

- ≤ n - log n + 1 voters (Fiol, 1992)

• Successful Applications of SAT in Social Choice Theory

- Verification of well-known impossibilities (Tang and Lin, 2009)

- Automated theorem search for ranking sets of objects (G. and 
Endriss, 2011)

- (Im)possibility theorems for strategyproof majoritarian social 
choice functions (B. and G., 2014)

- Finding preference profiles of given Condorcet dimension 
(G., 2014)

Preliminaries
• Preference profiles R = (R1, R2, …, Rk)

- Finite set of n alternatives, k voters

- Voters i ∈ {1, 2, …, k} with linear preference 
relations Ri over alternatives

• Majority relation ≻R

- a ≻R b iff |{i : a Ri b}| > |{i : b Ri a}|

- Can be represented by a digraph G (we then say:   
R induces G)

• Problem: Given a digraph G and a positive integer 
k, is there a preference profile with k voters that 
induces G? (We then say: G is a k-majority digraph)

• Voter complexity of G: minimal k such that G is a 
k-majority digraph

Classical Approach: 
“Characterize and Conquer”

• Lemma. (B. et al., 2013) 
A digraph (A, ≻) is a 3-majority digraph if and only if ≻ is complete 
and can be partitioned into ≻1 ∪ ≻2 = ≻ such that

- (A,≻1) is a 2-majority digraph and

- ≻2 is acyclic

• Whether (A, ≻1) is a 2-majority digraph can be checked efficiently 
(Yannakakis, 1982; Dushnik and Miller, 1941)

How many voters are required to obtain a certain 
majority relation?

• Powerful SAT-based technique to solve the ques-
tion of k-majority digraphs for arbitrary k

• Experimental perspective

• Seems like very few voters suffice in most cases

SAT-based Approach
• Encode any given problem instance into SAT (propositional logic)

• SAT-based implementation significantly outperforms classical ap-
proaches, e.g., running times for k=3 depending on n:

Exhaustive Analysis
• Tournaments that are 3-inducible

- All tournaments with n ≤ 7 
(confirming a conjecture by Shepardson and Tovey, 2009)

• Tournaments that are 5-inducible

- All tournaments with n ≤ 10

- All (semi-)regular tournaments with n ≤ 12

- Millions of instances of tournaments with sizes 10 ≤ n ≤ 100

• Could not find a tournament that is not 5-inducible

- Only aware of one concrete tournament with ~600 million nodes

- Existence of a 42-node tournament from pigeonhole principle

Empirical Analysis (PrefLib)

Stochastic Analysis
• Sampled majority digraphs (with 51 voters) according to 5 differ-

ent stochastic models (average of 30 runs)
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SAT encoding: general methodology

• SAT solvers can answer the question of whether a 
propositional formula has a satisfying assignment

• Goal: Encode any given problem instance into SAT

‣ Find propositional formula that is satisfiable iff there is a 
preference profile of k voters that induces G
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Figure 1: A smallest 6-majority digraph with a minimal
inducing preference profile.

2. PRELIMINARIES
Let A be a set of n alternatives andK = {1, . . . , k} a set of

voters. The preferences of voter i 2 K are represented by a
linear (i.e., reflexive, complete, transitive, and antisymmet-
ric) preference relation R

i

✓ A ⇥ A. The interpretation of
(a, b) 2 R

i

, usually denoted by a R
i

b, is that voter i values
alternative a at least as much as alternative b. A preference
profile R = (R

1

, . . . , R
k

) is a k-tuple containing a preference
relation R

i

for each agent i 2 K. For a preference profile R
and two alternatives a, b 2 A, the majority margin g

R

(a, b)
is defined as the di↵erence between the number of voters
who prefer a to b and the number of voters who prefer b
to a, i.e.,

g
R

(a, b) = |{i 2 K | a R
i

b}|� |{i 2 K | b R
i

a}|.

Thus, g
R

(b, a) = �g
R

(a, b) for all a, b 2 A.
The majority relation �

R

of a given preference profile is
defined as

a �
R

b i↵ g
R

(a, b) > 0.

Every majority relation �
R

is fully represented by a digraph
G and we say that R induces G. If R has k voters, we say
that G is k-inducible, or, equivalently, that G is a k-majority
digraph.

If a digraph is complete, which is always the case if the
number of voters is odd, we speak of a tournament T =
(A,�).

For any digraph G, by v(G) we denote the minimal num-
ber of voters k such that G is a k-majority digraph. Oc-
casionally, we will call this number the voter complexity of
G.1

Example 1. Consider the digraph G depicted on the left
of Figure 1. We found that G is not 4-inducible. It cannot
be 5-inducible either, because it is not a tournament as there
is no strict relation between a and c. The profile R on the
right of Figure 1, however, induces G and therefore G is a
6-majority digraph (or, equivalently, v(G) = 6). It turns
out that G is a smallest digraph (in terms of the number of
nodes) with voter complexity larger than 5.

In this work, we address the computational problem of
computing the voter complexity. To this end, we define the
problem of checking whether for a given digraph G there
exists a preference profile with k voters that induces G, i.e.,
whether G is a k-majority digraph.
1This complexity measure of digraphs can also be inter-
preted as a complexity measure for preference profiles. The
voter complexity of a given preference profile is then sim-
ply defined as the voter complexity of the induced majority
graph.

Name: Check-k-Majority
Instance: A digraph G and a positive integer k.
Question: Is G a k-majority digraph?

Note that the following two simple observations reduce the
candidates for v(G) to odd and even numbers, respectively,
depending on whether G is a complete digraph or not.

Observation 1. For all tournaments T , the voter com-
plexity v(T ) is odd.

Proof. Assume v(T ) = k was even. Then there exists
a preference profile R with k voters that induces T . Since
k is even, the majority margin must be even for every pair
of alternatives and can furthermore never be 0 as T is a
tournament. Therefore, removing any single voter from R
gives a profile R0 with just k� 1 voters that still induces T ,
a contradiction.

Observation 2. For all incomplete digraphs G, the voter
complexity v(G) is even. It even holds that G is no k-
majority digraph for k odd.

Proof. This follows directly from the fact that for all
preference profiles R with an odd number of voters k, the
majority relation �

R

is complete and anti-symmetric (as no
majority ties can occur).

3. METHODOLOGY
The number of objects potentially involved in the Check-

k-Majority problem are given in Table 1. It is immediately
clear that a näıve algorithm will not solve the problem in a
satisfactory manner. This section describes our algorithmic
e↵orts to solve this problem for reasonably large instances.

3.1 Translation to propositional logic (SAT)
In order to answer Check-k-Majority, we follow a sim-

ilar approach as Tang and Lin [33], Geist and Endriss [16],
and Brandt and Geist [4]: we translate the problem to
propositional logic (on a computer) and use state-of-the-art
SAT solvers to find a solution. At a glance, the overall solv-
ing steps are shown in Algorithm 1.
Generally speaking, the problem at hand can be under-

stood as the problem of finding a preference profile that
satisfies certain conditions—here: inducing a given digraph.
Thus, a satisfying instance of the propositional formula to
be designed should represent a preference profile. To cap-
ture this, a surprisingly simple formalization involving just
one type of variable su�ces: in our encoding the boolean
variable r

i,a,b

represents a R
i

b, i.e., voter i ranking alterna-
tive a at least as high as alternative b. As it turns out, this
one variable type also su�ces for the additional condition of
inducing the given digraph.
In more detail, the following conditions/axioms need to

be formalized:

1. All k voters have linear orders over the n alternatives
as their preferences (short: linear preferences)

2. For each majority edge x � y in the digraph, a major-
ity of voters needs to prefer x over y (short: majority
implications)
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Figure 1: A smallest 6-majority digraph with a minimal
inducing preference profile.
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algorithm 5 6 7 8 9 10 20 50 100

SAT < 0.1s < 0.1s < 0.1s < 0.1s < 0.1s < 0.1s 0.1s 1.5s 12.5s
2-Partition < 0.1s 0.1s 2s 1200s — — — — —

Table 3: Runtime comparison of the SAT implementation for k = 3 and 2-Partition-Check-3-Majority for complete
digraphs (tournaments) of di↵erent sizes n with a cuto↵ time of one hour.

n\k 3 4 5 6 7 8 9 10 11 12

3 .04 .04 .03 .04 .04 .04 .04 .05 .08 .10
4 .03 .04 .03 .04 .04 .04 .05 .07 .10 .18
5 .03 .04 .03 .04 .06 .05 .06 .09 .16 .35
6 .03 .04 .04 .04 .05 .06 .08 .12 .27 .63
7 .04 .04 .04 .05 .05 .07 .10 .17 .45 1.10
8 .04 .05 .05 .05 .07 .08 .13 .23 .69 1.80
9 .04 .05 .05 .64 .07 .10 .17 .33 1.06 2.83
10 .05 .05 .06 .67 .09 .12 .23 .46 1.56 4.25
11 .06 .06 .06 1.92 .10 .14 .30 .63 2.22 6.37
12 .06 .07 .07 3.35 .12 .19 .40 .85 3.18 8.48
13 .07 .07 .09 3.93 .15 .27 .52 1.16 4.44 12.30
14 .07 .09 .10 4.15 .18 .36 .64 1.51 5.99 16.84
15 .08 .10 .13 3.89 .21 .88 .79 2.22 7.67 —
16 .09 .11 .14 4.12 .25 4.55 .99 2.90 9.80 —
17 .10 .12 .19 4.41 .29 7.15 1.23 4.69 12.48 —
18 .11 .14 .23 4.76 .35 17.51 1.53 8.25 15.97 —
19 .12 .15 .35 4.97 .43 — 1.80 — 19.99 —
20 .13 .17 .54 5.04 .47 — 2.21 — — —
21 .14 .18 5.87 6.15 .63 — 2.71 — — —
22 .16 .20 11.07 5.43 .96 — 3.24 — — —
23 .17 .23 18.95 5.76 1.57 — 4.12 — — —
24 .20 .26 — 5.87 2.56 — 4.60 — — —
25 .22 .29 — 6.12 4.21 — 5.85 — — —

Table 4: Runtime in seconds of SAT-Check-k-Majority for di↵erent number of alternatives and di↵erent number of voters
k when average runtimes did not exceed 20 seconds. For this table, averages were taken over 5 samples from the uniform
random tournament model.
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